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O KOHCTpyKijHH h HeKOTopbix CBOHCTBax caMono,n;o6Hbix 
4)yHKu;HH b npocTpaHCTBax L p [0, 1] 

H. A. LUeiinaK 

AHHOTAaaa. B CTaTbe npiiBO,n,HTCH KOHCTpyKipiH a(p(pHHHO-caMono^o6Hbix (pyHKD,HH. B Tep- 
MHHax napaMeTpoB npeo6pa30BaHHH caMono,no6Ha ,a;aeTca ycnoBiie npiiHa^jiG^KHOCTH sthx 
(pyHKn;Hii KjiaccaM L p [0, 1], a Taxace npocTpaHCTBy C[0, 1]. IfeyHaiOTCH HeKOTopbiii CBoiicTBa 
9thx (pyHKiiHH (MOHOTOHHOCTb, orpaHHHGHHOCTb BapiiaipiH). YcTaHaBjinBaeTCH CBa3b caMono- 
flo6Hbix (pyHKi],HH c caMonoflo6HMMH MepaMH. 



1. BBe^eHne 

CaMoaoapSabie (cppaKTajibabie) o6T>eKTbi (MaoacecTBa, Mepbi, cpyaKaaa) HanuiH miipoKoe 
apaMeaeaae b pa3Jiaaabix oSjiacTax MaTeiviaTHKH. OaaaM h3 cnoco6oB aocTpoeaaa TaKiix o6t>- 
gktob aBjiaeTca apaMeaeaae TeopeMbi o hgiio^],bh>khoh ToaKe cataMaionjero OToGpaaceaaa b 
nojiHOM MeTpaaecKOM npocTpaHCTBe. /JocTaToaao o6aryio KoacTpyKaaio caMono^,o6Hbix mho- 
>KecTB a Mep, oaapaioniyioca Ha TaKOH no^xo^,, a TaK>Ke HeKOTopbie hx apajioaceaaa mojkho 
HanTH, aaapaMep, b [lj. 

O^hhm H3 Ba>KHbix apajioaceaaa caMoao,a,o6Bbix HenpepbiBHbix cpyBKaaa aBjiaeTca Teopaa 
cacaTaa KOMnbiOTepHbix a3o6paa<eBaa (cm. [2]). Ilpa stom, b ochobhom, peaiaiOTca Bonpocbi aa- 
Tepaojiaaaa H3o6pajKaeMbix oSt-cktob bjib hx rpaaaa, HenpepbiBHbiMH caMoaoapSabiMa cpyaK- 
u^iaMH, 3aaaeaaa kotopmx 3aaaBbi b KoaeaaoM Ha6ope ToaeK. B KoacTpyKaaa bthx (pyaKaaa 
napaivieTpbi OToSpaaceaaa, oapeaejiaroarax caMoaoapGae, MoryT 6biTb Bbiaacaeabi aepe3 y3Jibi 
aaTepaojiaaaa. 

Kpoivie Toro, caMoaoapSabie Mepbi aaxoaaT apaMeaeaae a b caeKTpajibaoa Teopaa oae- 
paTopoB ([3]) a b rapMOHaaecKOM aaajia3e ([4j, [5j). 3aMeTaM, aTO b paSoTe [5j TepMaaoao- 
raa "CcaMoaoapSabie Mepbi» ae yaoTpe6jiajiacb, ao KoacTpyKaaa Mep, K03(p(paaaeaTbi Qypbe- 
CTajibTbeca kotopmx He CTpeMaTca k Hyjuo, TeM He MeHee Hcnojib3yeT aaeio caMoaoapSaa. 
Pa3JiaaHbie 3aaaaa, CBa3aHHbie c H3yaeHHeM cbohctb BepoaTHOCTHbix caMoaoapSabix Mep, ecTe- 
CTBeHHbiM o6pa30M B03HHKaiOT b TeopHH cppaKTajibHbix KpHBbix, H3yaeHHe kotopmx Haaajiocb 
c yace CTaBninx KJiaccnaecKHMH pa6oTbi [6j-[8j. BaocjieacTBaa HenpepbiBHbie cppaKTajibHbie 
KpaBbie HaaiJia apaMeHeHae b Teopaa cpyaKaaa, Teopaa BepoaTHOCTeii, sproaaaecKoii Teopaa 

h T. fl . [a] [m. 

Bojibnioe pa3BaTae Teopaa cppaKTaabBbix KpaBbix aojiyaajia aocjie Toro, KaK o6aapya<a- 
jiacb ee CBa3B c Teopaea BcajiecKOB (BeiiBjieTOB) a MacaiTaGapyionnix cpyaKaaa (cm., aaapaMep, 
[12j). B aacTBOCTa, oapeaejieaabiii aaTepec apeacTaBjiaeT accjieapBaaae raaaKOCTa peaieaaa 
MacarraGapyiOBrax ypaBaeaaa b pa3JiaaHbix cpyaKaaoaajibabix apocTpaHCTBax. HaapaMep, b 
paSoTe [13] 6biJia aojiyaeHbi oaeaKa CBepxy Ha aoKa3aTejib r&ibaepa 3Tax peaieaaa b apo- 
CTpaHCTBe C[0, 1]. B [14] Gbijih nojiyaeHbi KpHTepHH TaKHx cbohctb peaieaaa MacaiTaSapyio- 
arax ypaBHeHHii, KaK a6cojnoTHaa HenpepbiBHOCTb, caHryjiapHaa HeapepbiBHOCTb, orpaaaaea- 
aocTb Bapaaaaa. 
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PaciHiipeHiieM noHHTHft caMono,n;o6Hbix Mep h HenpepbiBHbix (pyHKniiii hbjihiotch (pyHK- 
hhh H3 npocTpaHCTB L p . B CB33H c 3THM HeoSxo^HMO ynoMsmyTb o BBe^eHHbix b pa6oTe [15j 
cyMMiipyeMbix cppaKTajibHbix kphbbix. B stoh pa6oTe 6bijih nojiyneHbi KpnTepiiii cymecTBO- 
BaHHH (ppaKTajibHOH KpiiBoii h npHHa^jiejKHOCTH ee KjiaccaM L p b TepMHHax cneKTpajibHbix 
p-pa^HycoB p p [1 6j . KpoMe Toro, TaM >Ke 6bijih BbiBe^eHbi cpopMyjibi ^jia noKa3aTejien rjia^KO- 

CTH B pa3JIHHHbIX (pyHKHHOHajIbHblX npocTpaHCTBax. 

HeKOTopbie nacrabie cjiynan KBa,npaTHHHO-cyMMHpyeMbix caivionofloSHbix (pyHKipiii 6biJin 
paccMOTpeHbi b |17j . CBoncTBa caivinx (pyHKniiii He H3ynajiHCb. OcHOBHoe OTJinnne KOHCTpyK- 
hhh caMono^o6Hbix (pyHKniin H3 L p [0, 1] ot caMono^o6Hbix HenpepbiBHbix (pyHKHiiii 3aKJiio- 
naeTca b tom, hto napaMeTpbi caMono^oSnfl Hejib3a onpe^ejiHTb nepe3 3Ha*ieHH5i (pyHKniin b 
HeKOTopoM HaSope ToneK. 

YnoMsiHyTbie pa6oTbi ([3], |17| ). a TaKJKe HeKOTopbie pe3yjibTaTbi paSoTbi [18] yKa3biBaiOT 
Ha TecHyio cbh3b cneKTpa HeKOTopbix rpaHHHHbix 3a^aH c tskhmh CBoiicTBaMH caMono^oSHbix 
(pyHKniiii KaK MOHOTOHHOCTb, HenpepbiBHOCTb, aScojiiOTHaa HenpepbiBHOCTb, OrpaHHHeHHOCTb 
BapnaniiH. B CBH3H c sthm H3yneHne yKa3aHHbix h ^pyrnx cbohctb caMono^oSHbix (pyHKniiii 
pa3JiHHHbix KJiaccoB npeflCTaBJiaeT HHTepec fljia MHornx MaTeMaTnnecKHx HanpaBJieHHii. 

IJ^ejibio ^aHHoii pa6oTbi HBJiaeTca nocTpoeHne caMono,n;o6Hbix (pyHKHiin b L p [0, 1] h nccjie- 
flOBaHne HeKOTopbix hx cbohctb (HenpepbiBHOCTb, MOHOTOHHOCTb, orpaHHneHHOCTb Bapnanjan) . 

B OCHOBe KOHCTpynpOBaHHa TaKHX (pyHKIHlH JIOKHT TeOpeMa O HenOJJBHiKHOH TOHKe OKHMa- 

romero OTo6pa>KeHHfl b nojiHOM MeTpnnecKOM npocTpaHCTBe. IlpeflJiaraeMbiH no^xofl, c ojjhoh 
CTopoHbi HBjifleTCH 6ojiee o6iu,hm, no cpaBHeHHio c nocTpoeHHeM cppaKTajibHbix kphbbix (ot- 
pe3KH pa36neHHH MoryT hmstb pa3JiHHHyio ^JiHHy). C flpyroii ctopohm, cppaKTajibHaa KpnBaa 
npHHa^;jie>KHT M. n . B cjiynae, Kor^a caMonofloSHaa (pyHKnna HBJiaeTca HenpepbiBHon, 3Ty koh- 
CTpyKHino mojkho nepecpopiviyjiHpoBaTb b TepMHHax y3JiOB HHTepnojiHHnn (cm. [2]). B cjiynae, 
Korija caMonofloSHaa (pyHKHiia HBJiaeTca Hey6biBaiOHi;eH, OHa ecTecTBeHHbiM o6pa30M nopoxc- 
^aeT caMono^o6Hyio Mepy. CaMono^o6Hon (pyHKHiin orpaHnneHHon BapnaiiiiH cooTBeTCTByeT 
caMonofloSHbiH 3apa,n;. 

2. CaMono^;o6Hi>ie cpyHKipm b npocTpaHCTBe L p [0, 1] 

2.1. OnepaTopw no^o6Ha b npocTpaHCTBe L p [0, 1]. IlycTb cpHKcnpoBaHO HaTypajibHoe 
hhcjio n > 1, h nycTb BemecTBeHHbie nncjia a k > 0, c k > 0, d k h r^e k — 1, . . . , n, TaKOBbi, 

HTO 

n 

y^Qfc = i- 

k=l 

^aHHOMy Ha6opy nnceji h npoH3BOJibHOMy x G [0, 1] mojkho nocTaBHTb b cooTBeTCTBne Henpe- 
pbiBHbifl HejiHHeflHbiH onepaTop G : L p [0, 1] — » L p [0, 1] Bn^a 

n 

G U) = {P* " X(a k ,a k+1 ) +C k -X + d k - G k (f)} , (2.1) 

k=l 

rpp Hcnojib30BaHbi cjie^yiomne o6o3HaneHHa: 

(1) nepe3 a k , r^;e k = 1, 2, . . . , n + 1, o6o3HaneHbi nncjia a% = h a k = Yl^i a h r fl e 
fc = 2,...,n + l; 

(2) nepe3 X(C4) o6o3HaneHa xapaKTepncTHnecKaa (pyHKii;H5i HHTepBajia (C;0) paccMaTpn- 
BaeMaa KaK sjicmcht npocTpaHCTBa L p [0, 1]; 



(3) nepe3 Gk, r^e k = 1, . . . ,n, o6o3HaHeHbi HenpepbiBHbie jinHeftHbie onepaTopbi b npo- 
CTpaHCTBe L p [0, 1], ^eiicTByioinHe Ha (pyHKipno / corjiacHO npaBHjiy 

G k (f){t) = f(a k t + a k ), k = l,...,n. (2.2) 

OnepaTopbi G Bii^a (12.11) 6yn;yT Ha3biBaTbca onepamopaMU nodo6ua. 

3tot onepaTop Ha HenpepbiBHbie cpyHKHiin ^eficTByeT cjieflyiomiiM o6pa30M: 

G(f)(t) = c k -t + d k -f(t)+(3 k , (2.3) 

r,n;e x G [oik, aifc+i], t G [0,1], a nepeivieHHbie x h t CB33aHbi cooTHOineHneM t = a k ■ x + 
k — 1, 2, . . . , n. 

3to OTo6pa>KeHHe HBjiaeTca ^acTbio SojiBinero OToSpaxceHHa A, ^eficTByiomero Ha rpacpHK 
HenpepbiBHoii (pyHKipra. Hto6m onncaTb ero, BBe^eivi onepaTopbi A k : 

Ak ( /(*) ) = ( 2 4 ) ( fit) ) + {?k 

OTo6pa»ceHHe A onpe^ejieHO TaK 

A ( /it.) ) = U A * 



fc=l 



/(*) y ~M v /(*) 



Cpe^H Bcex onepaTopoB no^o6H5i fljia ^ajibHeHinero H3Jico«eHHa HanSojibninn HHTepec npe^- 
CTaBJiaiOT OKHMaiomne onepaTopbi. 

JIemma 2.1. Onepamop nodo6un G HejinemcH CMCUMawu^UM e L p [0, 1] e mcuw u mo/thKO 
moM CAynae, Kozda cnpaeedjiueu Hepaeencmea 

n 

J2ak\d k \ p <l (l^p<+oo), (2.4) 



k=l 



max \d k \ < 1 (p = +oo). (2.5) 

^OKASATEJlbCTBO. IlpH p < oo yTBepjK^eHHe ^OKa3biBaeMOH jieMMbi cjie^yeT H3 Toro 
(paKTa, hto npn jnoSbix /i, f 2 G L p [0, 1] cnpaBe^JiHBbi cooTHOineHna 



\\G(h)-G(f 2 )\\ p Lp[0jl] = J \G(h) - G(f 3 )\* dx = 

o 

EM4| p "J \G k {h)-G k {f 2 )\ p dx\ = {fy k \d k \^ j \h-f 2 \ p dx 



$> fc |4M IIA-/ 2 I|P 



^2[0,1]' 



IlpH p = +oo cnpaBe^jiHBO HepaBeHCTBO 



Wfi - ^lUocio.i] < max|4|||/i - /2 IIl^ci] • 

□ 

H3 JieMMbi 12.11 h npHHHiina cacHMaiomnx OTo6pa)KeHHH HeMe^jieHHO BbiTeKaeT cnpaBe^jin- 
boctb cjie^yiomero yTBepjK^eHHa. 



TEOPEMA 2.1. Ecjiu cnpaeedjiueo Hepaeencmeo (12.41) (1 ^ p < +oo ), uau fj2 . 51) (p = +oo), 
mo cymecmeyem u eduncmeenna $yHKHUM f G L p [0, 1], ydoeAemeopHWU^an ypaenenuto 
G(f) = f. 

OnPE^EJlEHHE 2.1. Oynnyuu, 3adaHHue ycAoeueM G(f) = f npu nenomopoM cotcuMa- 
wvjfiM onepamope nodo6un G 6ydeM Ha3ueamb a$g)UHHO-caMonodo6HUMU uau npocmo caMO- 
nodo6nuMu. HucAa {ak}, {ct}, {dk} u {(3k}, k = 1,2, ...,n 6ydeM nasueamb napajuempaMu 
caMonodo6usi. 

B flajibHefinieM Bcer^a 6yu;eT npe^nojiaraTbca, hto HepaBeHCTBO (I2.4K hjih (I2.5P BbinojiHeHO. 

3AMEMAHHE 2.1. Ha6op uuceA {c*k}, Kan nempydno eudemb, 3adaem pa36uenue ompe3Ka 
[0, 1]: = cti < a 2 < • • • < OL n < 1 = a n+ i. HucAa a>k omeeuawm 3a sopu3onmaAbnoe cotcamue 
diynnyuu f , a hucaci dk 3a eepmuKaAbnoe cotcamue. 

3AMEMAHHE 2.2. IJapaMempu Ck ue eAuntom ua ceoucmeo cotcuMacMOcmu onepamopa G. 

3AMEMAHHE 2.3. /%Afi (fipaKmcuibHux npueux, 3adauHux ceMeucmeoM atfitfiunnux (ue o6h- 
3amcAbuo cofcuMawuiiUx) onepamopoe ycAoeuto (12.41) npu p G [1, +oo) coomeemcmeyem ycAO- 
eue p p < 1 (cm., uanpujuep, |15| ). zde p p — p-paduyc amux onepamopoe. 

OflHofi h toh 5Ke (pyHKuiiii MoryT cooTBeTCTBOBaTb pa3Hbie napaivieTpbi caMonofloGna. Ha- 
npniviep, cpyHKuna f(x) = x Ha OTpe3Ke [0, 1] mcokct 6biTb 3aflaHa KaK Ha6opoM n — 2, 
ai = a 2 = 1/2, Ci = c 2 = 1/2, d\ — d 2 — 0, /3j = 0, /3 2 = 1/2, TaK h Ha6opoM n = 3, 
ai = a 2 = a-3 = 1/3, ci = c 2 = c 3 = 1/3, d± = d 2 = d 3 = 0, /3i = 0, /3 2 = 1/3, (3 3 = 1/3. 

2.2. HepaBeHCTBa, oijeHHBaiomHe HopMbi caMono,a;o6Hbix cpyHKijHH 
/ G £ p [0, 1] nepe3 napaMeTpbi caMonofloSna. Ha npocTpaHCTBe n-MepHbix bckto- 
poB x = (x\,x 2 , . . . ,x n ) BBe^eM BecoByio HopMy ,a,jia napbi BeKTopoB x = (xi, x 2 , . . . , x n ) h 
y = (yx, y 2 , ■ ■ . , y n ) h cpHKCiipoBaimoro s G [1, +oo) 

\\{x,y}\\s, a = ( ^(kfcl + \yk\) s a k 

\k=l 

TRe K03(p(pHn,HeHTbi ak y^OBjieTBopaiOT ycjiOBHHM < aj; < 1, k = 1, 2, . . . , n, X^ =1 a fc = 1- 
KpoMe Toro, rjisi oSjieraeHrm BbiKjia^OK BBe^eivi oSosHaaeHPie 

n 

r p = J ^2 a k\dk\ p - 

k=l 

JlerKO 3aivieTHTb, hto h3 ycjiOBHa r p < 1 ^jia jiioSoro 1 ^ s < p TaKxce BbiTeKaeT ycnoBiie 

s 

r s < 1 h, 6ojiee Toro, r s ^ 

Ilpn p = +oo BBe^eHHbie Bbinie BejiHHHHbi He 3aBHCflT ot nnceji {ak} h, cooTBeTCTBeHHO, 
onpeflejifliOTCfl Tax: 

2/}||oo = max{\x k \ + |y fc |}, = max{|4|}. 
CnpaBe^jiHBa cjieflyiomafl TeopeMa. 

TEOPEMA 2.2. J^ASi caMonodo6nou gjyuKi^uu f G L p [0, 1] (p G c napaMempajuu cajuono- 
do6un Ok, Ck, dk, (3k eunoAHeno Hepaeencmeo 

(n^ii 1 -^)) 
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zde c = (ci,c 2 , . . . ,c n ), (3 = (ft, ft, . . .,ft). 

^OKA3ATEJlbCTBO. ,I[oKa3aTejibCTBO npoBe^eM mcto^om MaTeMaTHHecKoii HH^yKiniH no 

p. 

^eficTBHTejibHO, npii p = 1 cnpaBefljiHBbi cjieflyroiHiie BbiKJia^KH 
Lx[o,i]= \f(x)\dx = ^2 \f(x)\dx = 

•JO k=1 Ja k 

n r l 



II n ^ IL /It 

^2 \°k-t + (3 k + d k - f(t)\a k dt ^ y^([c fc | + |ft|)a fe + I ^a k \d k 
k=i ^° fc=i \fc=i 



Li[0,l], 



H3 KOTopbix cjie^yeT cnpaBe^jiHBOCTb HepaBGHCTBa (12 . 6f) npri p — 1. 

^onycraM, hto HepaBGHCTBO (I2.6p BepHO npH j = 1,2, — 1. Ecjih / G L p [0, 1], to, 

oneBH^HO, /6L S [0, 1] VsG [!)£>)• Tor^a cnpaBefljiHBbi cjieflyiomiie npeo6pa30BaHiia 



n +1 \f(x)\ p dx = J2 f l \ck-t + (3 k + d k - f(t)\ p a k dt^ 

k=l k=l ^° 



P 

L P [0,1] 



P 

L p [0,1]' 



n p— 1 / n 

<EE*I + l^l)M4|%c||/||i j[0il] + $> fc |d fc | 
fe=i i=o \fc=i 

H3 KOTOpblX BblTeKaeT HepaBeHCTBO 

n p— 1 

(1 - r P )\\f\\ P Lpm ^ E(N + l d *D P °* + + 141)^141^,11/11^^]. (2.7) 

fc=i fc=i j=i 

YHHTbiBaa npe^;nojio>KeHHe HH,n;yKHHH npn j — 1, 2, . . . ,p — 1: 

(Ei =1 ll{c^>L.a) 3 < (E£[M^jjy! 

a TaKJKe npnivieHaa HepaBeHCTBO Tejibflepa k cyMMe: 

n n 

P — 3 V 

j < 



X)(N + \d k \y- j \d k \ia k = J2(\ c k\ + |4|) P ~X P 4\dk 



fe=i fc=i 



P-J 2 
p / n \ P 



HepaBeHCTBO (12.71) npeo6pa3yeM k cneiTyiomeMy BH^y: 

(1-^)11/11^0,!] < I|{C,/3}||^ + £C|||{C, /?}||^-^^Ji^^%^. 

j=l lL=ll 1 r s) 

H3 nocjie^Hero HepaBeHCTBa TeM Sojiee cjie^yeT HepaBeHCTBO 



3 
a • 



'l-r r) )||f|| p rnil < SLill^/ 3 }!!^ 



hto h 3aBepniaeT ^OKa3aTejiBCTBO TeopeMbi. □ 



3AMEMAHHE 2.4. B npocmpaHcmee Loo[0, 1] Hepaeencmeo 3jih HopMM f , anajiozuuHoe (1 2 . 6 f) 
UMeem eud: 

max fe {|c fe | + \(3 k \} IKc,/?}^ 



Loo [0,1] 



1 — maxfc \d k 



1 — rv 



^OKa>KeM aHajiorn^Hbie on^eHKii ^Jia ^poSHoro p. J\jir SToro Hen;ejioe hhcjio p > 1 npeflCTa- 
bhm b BH^e p = \p) + {p}, r^e [p] — o6o3HaHaeT n;ejiyio nacTb nncjia p, a {p} — flpo6Hyio nacTb 
HHCJia p, {p} 7^ 0. 

Teopema 2.3. ,Z£/w caMonodo6nou diyHKi^uu f G £ p [0, 1], {p} ^ cnpaeedAuea ov^eHKa 



L P [0,1] 



^/5}ll!l + Ellill{c,/3}|| s , a ) P 



i-^)nHi(i-r 



/ 



bl 



M 1 \ p 



max I max{(|c fc | + | max{|4| {p} }, Wi c ^}l 



\ 



s=l 



,HpKA3ATEJlbCTBO. CnpaBe^jiHBa cjieflyiomaa n;enoHKa HepaBeHCTB 

n r \ 



L p [0,1] 



V / |c fc -t + /3 fe + 4-/(t)| bl (|c fc |-t+|A| + |4|-|/(t)|) {p} a fc rft^ 
^ max{(|c fc | + |/5 fc |)W} V / \c k -t + p k + d k -f(t)\^a k dt+ 



^ max{(|c fc | + 1/9*1) 



+ / |cfc-t + /5fc + 4-/(t)| [pl |4| {p} |/(t)| {p} a fc ^^ 
fc=i Jo 

n „i 

+ E / (|c fc | + |/5 fc | + |4|-|/(t)|) [p] |4| {p} |/WI {p W^. 
fe=l 70 



Mill f ||W 
/II/ II L [p] [0,1] 



(2.8) 



Ilpeo6pa3yeM nocjie^Hioio cyMMy b nocjie^HeM HepaBeHCTBe. 

n „i 



X] / (|c fc | + |/5 fc | + |4|-|/(t)|) [pl |4| {p} |/(t)| {p} a fc 4 = 

n r l ( bl \ 

= E / E^d^l + I&I) M ~ J KIW)P |4| {p} |/WI {p} a,4. 
fe=i 170 V i=o / 



B nocjie^HeM Bbipa>KeHnn cjiaraeMoe npH j = [p] HMe6T bh/i, 



Y>|4| p f\f{t)\ p dt 
fe=i 



PlU HLp[0,l]- 



(2.9) 



IloMeHaB nopaflOK cyMMnpoBaHna, ocTaBinneca cjiaraeMbie mojkho nepenncaTb b BH^e 

[P]- 1 n „1 

E^iEw + iAi) w-, wi d *i Wa * / ( 2 - 10 ) 

j=0 k=l ^° 

CyMMbi no k b BbipajKeHnn (12.101) ^onycKaeT on;eHKy 

n I n \ ~[pT / " \ H 

^(|c fc | + |/3 fc |)W^|4l J l4l M ^ < max{|4| {p} } + |&|) w a fc $> fc |4| [pl 



it=i \fe=i / \fc=i 



m ia x{|ci fc |fr>}||{c,/?}||M>^ ^ max{|^|W}||{c,/?}||^7, j = 0, 1, . . . , [p] - 1. (2.11) 



\\p),a \p) ^"^ll"*! /lll^M/ll[p] )0 > 



3^ecb mm npHMGHHjiii HepaBGHCTBO rgjib^epa c noKa3aTejiaMn p\ = JfU h ^ = -. 



HHTerpajibi ^onycKaiOT cjie^yiomyio on,eHKy 

1 j+{p} 

\f{t)\ jHp} dt^(j \f(twA J+1 = ii/Oo,!] < ii/iiit3Si]' i=o,i,...,[p]-i. 



■ i (2 - 12) 

3flecb TaK>Ke npriMeHeHO HepaBeHCTBO Tejib^epa c noKa3aTejiaMH pi = j+s p \ h gi = 

IloflCTaBHB Tenepb cooTHonieHiie (12.91) h HepaBeHCTBa (12.11l) - (12.12l) b HepaBeHCTBO (12.81) . 
nojiy^HM 

(1 " ^H/lliM < m f^N + IAI) W }ll/llg + max{|4| {p} } £ ^ll^^liar/ll/llfjgx]- 

i=o 

C yaeTOM cooTHOineHHa (12.60 nojiynaeM, hto 



, , .E^IIto/niU., 

;i -oii/ii^[o,i] < m M(i c *i + i^i) w > - nM n — + 



hto OKOHnaTejibHO mojkho OB^eHiiTb TaKHM o6pa30M: 
(l-^ll/IIWl < maX j m fe ax{(|Cfe| + l^l) M },max{|4| {p} }, I g 



j+M ' 

[p] 



X 



x nEi(i-o ' 

□ 



CJlEflCTBHE 2.1. J],Ji}i $UKCupoeaHH020 p G [1, +00] u jiw6ux R > 0, e > paccMompuM 
eceeo3MoatcHue cotcuMawmue omo6paatceHUM e L p [0, 1], 3adaHHue napaMempaMU {a k }, {ck}, 
{dk} , {Pk}, k = 1, 2, . . . , n, maKUMU nmo 



[c, P}\\ Pta ^ R, ^a fc |4| p ^ l^P< 



OG 



k=l 



\\{c,(3}\\oo < R, max |d fe | ^ 1 - £, p = 00. 

Tosda ece (pyHKyuu, HejiHtov^uecn HenodeuotcnuMU mo«4KaMU maKux cmcumclwvuux omo6- 
paotcenuu, o6pa3ywm ozpanuueHHoe MHOMcecmeo e L p [0, 1]. 

2.3. HenpeptiBHaa 3aBHCHMOCTb Heno^BH^cHoii tohkh OKHMaiomero OTo6pa2Ke- 
HHa ot napaMeTpoB dk, Ck, (3 k , k = 1,2, ...,n. IlycTb 3a^aHO pa36iieHne OTpe3Ka [0,1]: 
= oil < (%2 < ■ ■ ■ < 0£ n < 1. Hiicjia ak aBjiaioTca ^jipmaMH OTpe3KOB pa36iieHna: 

a k = a k -a k -i, k = l,2, ...,n. 

3a^aflHM TaK>Ke ,a,Ba Ha6opa Hnceji 4, /3& 11 4, c' fc , = 1,2, ... ,n, ya,OBjieTBopaioiu,iie 

yCJIOBHHM 

n n 



a fc |4r<l, r' p = ^2a k \d' k \ p <1 
fc=i fc=i 
npii HeKOTopoM cpiiKCiipoBaHHOM p G [1, +00). 3th HaSopbi nopojK^aiOT flBa OKHMaiomiix oto6- 
pajKeHHa G 11 G", HenoflBiiJKHbiMii TOHKaMii kotopmx cooTBeTCTBeHHO Sy^yT (pyHKUHii fug. 
Ilpn p = +00 npe^nojiaraeTca, hto napaivieTpbi caMonoflo6na yupBJieTBopaiOT ycjiOBiiaM 

= max {|4|} < 1, r' OQ = max {|4|} < 1 

YTBepjKfleHHe TeopeM 12.21 11 12.31 03HaaaeT, hto onepaTopbi nofloGna G HenpepbiBHO 3aBncaT 
ot napaivieTpoB 4, Cfc, (3k, k = 1,2, ... ,n. IIpHMeHaa H3BecTHbifi pe3yjibTaT o HenpepbiBHofi 
3aBHCHMOCTH Heno^BHJKHOH tohkh OKHMaiomero onepaTopa ot napaivieTpa (cm., Hanpiiiviep, [2], 
jieMMa 2, CTp. Ill), nojiynaeM cjie^yiomee yTBep>K^eHHe. 

TEOPEMA 2.4. CaMonodo6Hatt diyHKi^ufi, nejittiomafictt nenodeucncHou mouKou ccucuMaw- 
m,ezo omo6pa,MceHUH, nenpepueuo 3aeucum om napaMempoe caMonodo6iiM, a umchho, ecAU 
c k -> c' k , d k -> 4 u [3 k -> f3' k , k = 1,2, . . .,71, mo || / - #||l p [o,i] -> °- 

B nacTHOCTH, npn p G [1, +00) Hecjio>KHO nojiy^HTb cjie^yiomne ou,ghkh: 

2?\\{c -c>,(3- (3'}\\ P ,a + 2T 1 (ELi a h \d h - 4l¥ (IMU P [o,i] + ||/IU P [o,i]) 



11/ - 9\\l p [o,i] ^ 



1 1 



9 _ r p — r' p 
z, 1 p 1 p 



B LoofO, 1] aHajiornHHbie oi^eHKii Bbirjia^aT TaK: 

2||{c - c', /3 - + max fc {|4 - 4IKII/ IU~[o,i] + \\9\\l M 



11/ - fl'lUoofO.ll < 



^ '00 '00 

3. HenpepbiBHbie caMono^;o6Hbie cpyHKu^HH 

YKajKeM ycjiOBHa Ha micjia {cfc}^ =1 , {4)^=1 h {Pk}k=i: n P H kotopmx onepaTop no^o6na 
G 3a^aeT HenpepbiBHyio cpyHKii;Hio. 



Teopema 3.1. CcHcuMawmuu onepamop nodo6ufi G 3adaem nenpepuenyw (fiyHKyuw mosda 
u moAbKO mosda, Kosda eunoAHenu CAedymv^ue ycAoeun: 

max \dk\ < 1, (3.1) 

l^fc^n 

(3 1 = f(0){l-d 1 ), (3.2) 

fc-i fc-i fc 

Pk = J2 C J + d i + /(°) ~J2 dk ^ k = 2,3, . . . ,n, (3.3) 

j=i j=i j=i 

n n 

E c i + (/W - = /C 1 ) - /(°)- ( 3 - 4 ) 

3=1 3=1 

/^OKA3ATEJlbCTBO. OnepaTop noRo6nn G 6yn;eT OKiiMaiomuM b npocTpaHCTBe G[0, 1] npii 
BbinojiHeHHH ycjiOBiia 

|4| < 1, k = 1,2, . . . ,71, 

hto MOJKeT SbiTb nojiyneHO aHajioriiaHO paccy>KfleHHaM b jieMMe 12.11 ,n;jia npocTpaHCTBa 
Loo[0,l}. 

IlycTb ^aHO pa36neHiie {ak}k=i- Ecjih (pyHKipia / aBJiaeTca Heno^BHJKHOH tohkoh OTo6pa- 
>KeHiia G, to f(a k ) = G k+1 (f(0)) = G fc (/(1)), fe = 2, 3 . . . , n - I. Kpoivie tofo, Gx(/(0)) = f(0) 
h G n (/(1)) = /(l). OTCio^a cjie^yeT, hto caMono^o6Haa HenpepbiBHaa cpyHKHiia / y^OBJieTBO- 
paeT b TOHKax otf. ycjiOBHaM 

4/(0) + ft = /(0) b to™ = «!, (3.5) 
Cfc + 4/(1) + A = 4+1/(0) + p k+1 = f(a k ) b Towax a k k = 2, 3, . . . , n - 1, (3.6) 

c n + 4/(1) + ft = /(l) b TOHKe a n _i. (3.7) 
3th cooTHonieHHH paBHOCHjibHbi cjie^yiomHM paBeHCTBaM 

ft = /(0)(l-4), 
fc-i fc-i fc 

A^E^/WE^/P-E^' fe = 2,3,...,n, 
j=i j=i j=i 

n n 

X>+(/(i)-/(o))£d, = /(i)-/(o). 

i=i 3=1 

YCJIOBIIH ( 13 . 1 h H ( 13 ■ 2 H — ( T3T4T ) aBJiaiOTCa HeoSxO^HMblMH II ^OCTaTOHHblMH yCJIOBIIHMII, HTO- 

6bi cpyHKHiia G(/) SbiJia HenpepbiBHa b TOHKax a k , earn ncxo^Haa cpyHKHiia / HenpepbiBHa. 
B HHTepBajiax (a k -i,ak) HenpepbiBHaa cpyHKniia / no,n; flencTBneM OKHMaiomero OToSpajKe- 
hhh OToSpajKeHHa G nepen^eT b HenpepbiBHyio cpyHKHino G(/). B pe3yjibTaTe npn Bbinojme- 
hhh ycjiOBHfi (13.1l) - (13.2p npoH3BOJibHaa HenpepbiBHaa Ha OTpe3Ke [0, 1] cpyHKHiia / nepeii^eT b 
HenpepbiBHyio cpyHKiniio G(/). TaKHM o6pa30M, ,a,jia npoH3BOJibHOH HenpepbiBHoii HanajibHoii 
(pyHKH,HH /o nocjie^OBaTejibHOCTb HenpepbiBHbix cpyHKniiii f n = G™^ 1 /) paBHOMepHO cxo^iiTca 
k Heno^BH>KHOH cpyHKinin c>KHMaiomero OTo6pax<eHHa h btot npe^eji aBjiaeica HenpepbiBHoii 
cpyHKinien. □ 

3AMEMAHHE 3.1. Ycaogusi (13.2P - (I3.4p aeAMomctt o6o6m ) eHueM ycAoeua BapncAU (uau ne- 
peKpecmHoso ycAoeuji) [2\. 



10 



YcjiOBHe (I3.ip 6mjio nojiyneHO b [2j. YcjiOBna (13.2I) - (13.4I) He onncbiBajiHCb, noTOMy hto b 
3toh paSoTe peinajiacb 3a,o,aHa HHTepnojiaHHH. A hmchho, onncaTb Bee HenpepbiBHbie acpcpHHO- 
caMono^oSHbie (pyHKinin, rpacpHKH kotopmx npoxo^HT nepe3 nepe3 3a^aHHbie tohkh {xk,Vk) 
k = 1, 2, . . . , n. Kos(p(pnn,neHTbi {dk} 3a^aiOTCfl npoH3BOJibHO, ho noflHHHeHHbie ycjiOBHio (13.ip . 
OcTajibHbie napaMeTpbi onepaTopoB noflo6HH {a k }, {ck}, {ak} h {/3k}, k = 1,2, ...,n Bbipa- 
>KaiOTca nepe3 KOop^HHaTbi y3JiOB iiHTepnojiaipra h KOBcpcpHinieHTbi {dk}. B HanieM cjiynae 
caivionofloSHaa (pyHKHira / npoxofliiT nepe3 tohkh (a*., ^epes napaivieTpbi caMonofloSna He 

Bbipa>KaiOTCH 3HaHeHHH /(0) h /(l). 

Ilpn onncaHHH caivionofloSHbix BepoaTHOCTHbix Mep SbraaeT Sojiee yu;o6HbiM paccMaTpn- 
BaTb (pyHKn,HH, 3a^aHHbie Ha OTpe3Ke [0, 1] h npnHHMaioiinie Ha KOHHax 3HaaeHHa /(0) = h 
/(l) = 1. B 3tom cjiynae ycjiOBna (13.2I )- (13.4I) npnHHMaiOT Sojiee npocTOH bh^,: 

A = 0, 

fc-i 

(3k = ^2(c j + d j ), k = 2,3,...,n, 

3=1 

n 

Y,{c j + d j ) = l. 

3=1 

4. Cbh3i> caMono^oSHtix cpyHKipiH H3 L p [0, 1] h caMonoflo6Hbix Mep 

HanoMHHM BKpaTue KOHCTpyKiniio caMonoflo6Hbix Mep. 06m,yio KOHCTpyKipno (ppaKTajib- 
hmx h caMonoflo6Hbix Mep mojkho HaHTii, HanpHMep, b pp. HeKOTopbie aacTHbie cjiyaaH ca- 
Mono^oSHbix CHHryjiapHbix Mep npe^CTaBjieHbi b pa6oTe [3]. OrpaHHHHMca paccMOTpeHHeM 
BepoaTHOCTHbix Mep. 

IlycTb Sk, k = 1,2, ...,n — ceMeftcTBO c>KHMaioiHHx OTo6pa>KeHHH e^HHHHHoro OTpe3Ka 
Jo = [0, 1] b ce6a, ynoBJieTBopaiomiie ycjiOBHio Sfc([0, 1]) = [afc, afc+i]. IlycTb TaKJKe ^aH Ha6op 

nOJIOJKHTejIbHblX HHCejI {pk}k=U nO^HHHHIOIHHXCH yCJIOBHK) Ylk=lPk = 1- 

Tor^a (PQ), cymecTByeT h e^HHCTBeHHa Mepa /i, 3a^aHHaa ypaBHeHHeM caMono,a,o6Ha 

n 
k=l 

TaKne Mepbi Ha3biBaiOT caMono^o6HbiMH. 

C Hey6biBaiOHi;eH HenpepbiBHofi cjieBa caMono,n;o6HOH cpyHKHiieii / CBa»ceM Mepy: 

m/([c,o) = /(0-/(c). 

EcTecTBeHHO B03HHKaeT Bonpoc, flBjiaeTca jih 3Ta Mepa caMono,a,o6HOH. 
B ^aHHOH CBH3H HHTepec npeflCTaBjiaeT Bonpoc o h axoac^e huh ycjiOBHii b TepMHHax na- 
paMeTpoB caMonofloSnH {ak}, {ck}, {dk}, {/3k}, rapaHTHpyiomiix Hey6biBaHHe caMonofloSHOH 

(pyHKHHH. 

PaccMOTpHM orpaHHHeHHbie caMono,a;o6Hbie cpyHKHHH, HopMHpoBaHHbie ycjiOBHHMH 
/(0) = 0, /(l) = 1. B 3tom cjiynae (3\ = 0. TaKJKe yn;o6HO hojiojkhtb (3 n +\ = 1. 

Teopema 4.1. x imo6u caMonodo6Hatt Henpepueuaa cjieea ozpanuueHHafi d)yHK , u ) utt f 6u- 
jia Hey6ueaK>ni l eu Heo6xoduMO, umo6u Bah ecex k = 1,2, ...,n eunojmsuiocb Ck + d k ^ 0, 
Pk ^ Pk+i u docmamoHHo, nmoSu Sam ecex k = 1,2, ...,n eunoAHsiAocb c k ^ ; dk ^ 0, 
flk ^ Ac+l- 
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^OKASATEJlbCTBO. ^eiiCTBHTejibHO, H3 caMonofloGna cpyHKnnn / cjie^yeT 
f(a k + 0) = G fc (/(0)) = c k ■ f(0) + p k + d k - /(0) = ft, 
/K+i + 0) = G fc+1 (/(0)) = c k+l ■ /(0) + ft +1 + 4 • /(0) = /3 fe+1 . 
H3 3thx ycjiOBHH BbiTexaeT Heo6xo^,HMOCTb ycjiOBHH p k ^ Pk+i- C flpyroH CTopoHbi cnpaBe^- 

JIHBbl COOTHOineHHa 

/K) = G fc _!(/(1)) = C fc _! • /(l) + + 4-i • /(I) = C fc _! + + 4-1 ^ ft, 

KOTopbie npHBO^aT k Heo6xo,a,HMOCTH ycjiOBHH Cfc + 4 ^ 0, A; = 1, 2, . . . , n. 

JlfUfi nojiyneHHa ^ocTaTOHHbix ycjiOBnii 3aMGTHM, hto npn ft-i ^ Pk BbinojiHeHO 
f(a k -i) ^ /(flfc), t. e. (pyHKnna HeySbiBaeT «rjio6ajibHO» (b TOHKax pa36neHna {aifc}). YcTa- 
hobhm Tenepb Hey6biBaHne (pyHKnnn Ha HHTepBajie (0^,0^4.1). OneBn^HO, hto (pyHKnna, aB- 
jiaroiHaaca HenoflBHJKHOH tohkoh OKHMaioinero OTo6pa>KeHiia, HeoTpnuaTejibHa npn c k ^ 0, 

4 5^ 0, Pk-l ^ ft- A flJia npOH3BOJIbHOH TOHKH X G (ajfe, Oi k+ i) BbinOJIHeHO 

f(x) = c k -t + d k - f(t) +P k > f(a k + 0), 
r^e x = a k ■ t + a k . □ 

ripHBe^eM npHMep, noKa3biBaioinHH, ^to ycjiOBHa ft_i ^ Pk, Ck + 4 ^ He aBjiaiOTca ^o- 
CTaTOHHbiMH. PaccMOTpHM cpyHKnnio c napaivieTpaMH caMono^oSiia n = 3, a\ = a 2 = 0,3 = 1/3, 
c x = 0, 4 = 1/2, «i = A = 0, c 2 = d > 0, d 2 = -d < 0, p 2 = 1/2, c 3 = 0, 4 = 1/2, 
ft = 1/2, r^;e < d < 1 — npon3BOJibHbin napaivieTp. 3Ta (pyHKnna aBJiaeTca HenpepbiB- 
hoh h jierKO BH^eTb, hto Bee Heo6xo^HMbie ycjiOBHa BbinojiHeHbi. Tor^a /(1/3) = 1/2, a 
/(1/3 + 1/9) = d ■ (1/3) - d ■ /(1/3) + 1/2 = 1/2 - d/6 < 1/2. 

PaccMOTpHM HeySbiBaiomHe orpaHHneHHbie caMono,a,o6Hbie (pyHKnnn /, HopMHpoBaHHbie 
ycjiOBHaMH /(0) = 0, /(l) = 1. KpoMe Toro, nycTb = 0, k — 1, 2, . . . , n. B btom cnynae H3 
TeopeMbi 14.11 cjie^yeT, hto Heo6xo,a,HMbiMH h ^,0CTaT0HHbiMH ycjiOBHaMH Hey6biBaHnn (pyHKnnn 
SyayT ycjiOBHa d k ^ 0, p k ^ ft+i, & = l,2...,n. Jlerxo 3aMeraTb, hto Mepa, nocTpoeHHaa 
no TaKofi caivionofloSHOH (pyHKHnn aBJiaeTca caMonoflo6Hoii. Ilpn 3tom pojib nnceji pk Bbinoji- 
HaiOT nojiojKHTejibHbie ancjia d k , a OTo6pa>KeHHa S^ 1 : [a k , cx k+ i] — > [0,1] b ^aHHOM cjiyaae 
fleiicTByiOT no npaBHJiy 

S k {x) = . 

a k 

3AMEMAHHE 4.1. PaccMompenue Hey6ueaww ) ux caMonodo6nux (fiyHKi^uu c nenyjieeuMU 
napaMempaMU {ck} npueodum k caMonodo6uuM MepaM c a6coAtomHO-HenpepueHou Hacmhto. 
Uodpo6uoe paccMompenue manux Mep euxodum 3a paMKU dannou cmamtu u Hejinemcsi meMOu 
dajibneumezo uccAedoeanuH. 

4.1. HenpepuBHbie caMono^;o6Hi>ie cpyHKipm c HeorpaHHHeimoH BapnaijHeH. 

PaccMOTpHM HenpepbiBHbie caMono^oSHbie cpyHKn,HH, 3aflaHHbie HeKOTopbiM HaSopoM caMO- 
no^o6na {a k }, {ck}, {dk}, {Pk} h HopMHpoBaHHbie ycjiOBneivi /(0) = 0, /(l) = 1. H3ynnM 
tojibko nacTHbin cjiynaii TaKnx (pyHKn^nii, a nivieHHO, npe^;nojio>KHM, hto c k = k = 1, 2, . . . , n. 
B 3tom cjiynae H3 ycjiOBHH (13.1l) - ()3.4p cjie^yeT, hto 

n 

Pi = 0, p k+ i - Pk = d k , y^ d k = l, max {|4|} < 1. 

k=l 

BBe^eM BejinnnHy D = Y^=i Mfel- HeTpy^HO Bn^eTb, hto h3 ycjiOBHa X^fe=i d k = 1 cjie^yeT, 
hto D > 1. 
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Teopema 4.2. CaMonodo6naH HenpepuenaM diyuKt^ufi f , c napajuempaMu caMonodo6un 
{a k }, {ck}, {dk}, {f3k}, ydoejiemeopsiwv^asi, ycAoeuMM /(0) = 1, f(l) — 1, c k — 
k — 1, 2, . . . , n, UMeem ozpanuHeHHyto eapuat^uto mozda u moAbKO mosda, Kosda D ^ 1. 

/^OKA3ATEJlbCTBO. Illas 1. IlocTpoHM nocjie^OBaTejibHOCTb T m pa36neHHH OTpe3Ka 
[0,1]. IlycTb Ti = {&k}k=i ( a o — 0, a n+ i = 1) — ncxo^Hoe pa36neHHe OTpe3Ka. 
T m = {a k ■ x + ak,x G T m ^i,k = 1,2, ... ,n}. Tohkh pa36iieHHii T m ^ejiflT OTpe30K [0,1] 
Ha n m no^OTpe3KOB. 

Ka>KflOMy OTpe3Ky, o6pa30BaHHOMy pa36neHHeM T m , conocTaBHM nocjie^OBaTejiBHOCTb ih- 
ceji k±, k 2 , . . . , k m , ki = 1,2, ...,n, i = 1,2, . . . ,m (HOMep OTpe3Ka). OTpe3Ky pa36neHHJi 7\ 
cooTBeTCTByeT HOMep ki, ecjin rpaHHHbi SToro OTpe3Ka ctpohtch no npaBHJiy 

Xki = oc kl , x kl+ i = a kl +i, kx = l,2,...,n. 

OTpe3Ky pa36neHHfl T 2 cooTBeTCTByeT napa k\,k 2 , ecjin ero kohitbi Xk 2 h x k2+ \ nocTpoeHbi no 
npaBHJiy 

Xk 2 — a k 2 x k! + «fc 2 ) x k 2 +l = ^A^fci+l + a k 2 , ki, k 2 = 1, 2, . . . , n, 

rpp [xfc i; Xfc 1+ i] — OTpe30K pa36neHna T\ c HOMepoM k\. ^ajiee nocTpoeHne nocjie^OBaTejib- 
hocth HOMepoB OTpe3Ka npoBO^HTCH no HHJxyKnnHi ecjin KajK^oiviy OTpe3Ky pa36neHHH T m _\ 
cooTBeTCTByeT nocjie;j,OBaTejibHOCTb k\, k 2 , . . . , k m _\, to OTpe30K pa36neHHfl T m HMeeT HOMep 
k\, k 2 , . . . , k m , ecjin ero KOHiibi Xk m h Xk m +i nocTpoeHbi no npaBHJiy 

X k m = °'k m Xk m ^ 1 + CX.k m , Xk m + l — flfcm^fcm-i+l + a k m 1 

r fl e [xkm-i , ^fc m -i+i] — OTpe30K c HOMepoM ki, k 2 ,..., k m _ x , ki = 1,2, ... ,n, i = 1,2, ... ,m - 1. 
HeTpyirno 3aMeTHTb, hto ^jinHa OTpe3Ka c HOMepoM k\,k 2 , . . . ,k m paBHa a^a^ ■ ■ ■ ax- 
illae 2. IlycTb fo(x) = x Ha [0, 1]. Ilocjie)j,OBaTejibHOCTb f m = G(/ m -i) cxo^htch k npe,o,ejib- 
hoh caMonoij,o6HOH (pyHKn,HH. ^OKajKeM, hto Ha OTpe3Ke c HOMepoM k\, k 2 , . . . , k m (pyHKirns f m 
jiHHeima n 

777 m 

= d kl dk 2 ...dk m {x _ +j2^n d ki . (4.i) 

at, ctkn . . . a k — 

fcl *2 ftm j = l i=j + l 

OneBH^HO, hto no onpe^ejieHnio ^encTBHa onepaTopa nofloSna G Ha HenpepbiBHbie (pyHK- 
ithh (12 .31) . KyconHO-jiHHeHHaH (pyHKii^HH nepefifleT b KyconHO-jinHenHyio ace (pyHKii;Hio. IlycTb 
[x/j^Xfc^i] — OTpe30K pa36neHHH T\ c HOMepoM k\. B cnjiy Toro me CBoficTBa (12.3P HMeeM 

fi(x kl ) = d kl fo(0) + fax = Phi, 
fi(x kl+1 ) = 4Jo(l) + Pk! = Pk 1+ 1- 

TaKHM o6pa30M, Ha OTpe3Ke pa36neHHa T% c HOMepoM k\ (pyHKn,HH f\ jinHeiiHa h Ha ero KOHnax 
npnHHMaeT 3HaneHHH [3 kl n (3 kl +i, i.e. onpe^ejiHeTCH (popMyjiofl 

fi(x) = —{x - x kl ) + p kl . 

/JajibHeHHiee paccy>K^eHHe npoBe^eM no HH^yKn,HH. IlycTb Ha OTpe3Ke pa36neHHa T m c ho- 
MepoM kx,k 2 , . . . ,k m (pyHKnna f m HMeeT bh/i, (14.11) . KoHn,bi OTpe3Ka pa36neHHfl T m+ \ c HOMepoM 
ki, k 2 , . . . , k m , k m+ \ CTpoHTca no npaBHJiy 

x k m+ i — a km+i x k m "I" a k m+ ii %k m+ i+l — a km + i x k m +l "I" a k m +n 
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r,n;e [x kmJ %k m +i] — 0Tpe30K c HOMepoM fci, k 2 , • • • , k m . Ha btom OTpe3Ke f m +i KycoHHO-jiHHeima 
n Ha ero Komiax npimiiMaGT 3HaneHna 

m 

fm+l(Xk m+1 ) = d km+1 fm{Xk m ) + Pk m+1 = /Z^i Y\_ + Pk m +i 

3=1 i=j+l 

m 

f m +i(x km+1+1 ) = d km+1 f m (x km+ i) + Pkm+i - d kl d k2 ■ ■ ■ d km d km+1 + ) J Pk j \\ d ki + P km+1 , 

3=1 i=3+l 

orKyna ii cjie^yeT cnpaBe^jiHBOCTb yTBepjKfleHHa. 

Illas 3. 3aivieTiiM, hto b TOTKax x kl pa36neHna T\ BbinojiHeHO 

fi(x kl ) = 4Jo(0) + /3 kl = /3 kL , f(x kl ) = 4J(0) + /3 kl , (4.2) 

t. e. 

/i|ti = /|ti- 

A ,njia ToneK x km pa36neHna T m BbinojraeHO 

fm(x km ) = rffc m /m-l(^fc m _i) + /3fc m , f( x k m ) = d km f{x km ^) + /? fcm , 

r^e x km ii X/ Cm _ 1 — jieBbie kohiim OTpe3KOB c HOMepaMH hi, k 2 , . . . , k m n k\, k 2 , . . . , & m -i cooTBeT- 
CTBeHHO. H3 3Tnx paBeHCTB c yaeTOM (14.21) cjie^yeT, hto b TOTKax pa36neHna T m BbinojiHeHbi 
paBeHCTBa 

fmWm = f\T m - 

Cjie^OBaTejibHO, Bapnannn (pyHKiinii / h f m no pa36iieHiiio T m coBna^aiOT. 
Bapnanna (pyHKiinn f m no pa36neHnio T m paBHa 

Var Tm / m = 14x4a • ■ • 4J = £> m , 

Tax KaK (cm. |19| . TeopeMa 2, CTp. 211) Vair m / — > Var J / npn m — > oo, to 
Vair m / m — > VarJ /, r^e Vary m / bto Bapnanna (pyHKiinn / no pa36neHnio T m . 
Cjie^OBaTejibHO, 

Var I f = lim D m . 

m— >oo 

□ 

TaKHM o6pa30M, b Kjiacce HenpepbiBHbix caMono^oSHbix (pyHKiinii, ynoBjieTBopmoninx 
ycjiOBnnM /(0) = n /(l) = 1, a napaMeTpbi caMono^oSnn KOTopon no^nnHeHbi ycjiOBHaM 
c k = 0, k = 1,2, . ..,n, orpamiHeHHyio Bapnannio HMeiOT tojibko Te (pyHKiinn, ,o,jia kotopmx 

^ = ELi 141 = l. 

3amemahhe 4.2. JJah (fipaKmcLAbHux Kpueux, 3adaHHux ac/kfiuHHUMU (we o6u3ameAbHo 
CMCUMammuMu) onepamopaMU, ycAoeuto D ^ 1 coomeemcmeyem ycAoeue pi ^ 1 [14j. 



5. IIpHMepbi 

5.1. HeKOTopwe KOHKpeTHbie caMono^;o6Hbie cpyHKipm. 1) XapaKTepncrnaecKaa 
(pyHKiina HHTepBajia (CO C [0,1] aBJiaeTca caMonofloSHoii (pyHKiiiieii c napaivieTpaMH caivio- 
no^o6na n = 3, a\ = C «2 = £ _ C a 3 = 1 — C c i = c 2 = C3 = 4 = 4 = 4 = A = = 0, 
& = 1. 
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2) KycoaHO-nocToaimaa (pyHKiiaa f(x) = ELi^Xh,a fc+1 )( x )) r fl e 
= «i < a 2 < . . . < a n < a n+ i = 1 — pa36iieHiie OTpe3Ka [0,1], Taicace aBJiaeT- 
ca caMonofloSHoii (pyHKiiHeli c napaivieTpaiviH caMono,n;o6Ha c\ = c 2 = ■ ■ ■ = Cn — 0, 
di = d 2 = ■ ■ ■ = d n = 0, a k = a k +i - a k , f3 k = s k , k = 1, 2, . . . , n. 

3) PaccMOTpHM flBynapaivieTpHHecKoe ceMeftcTBO HenpepbiBHbix (pyHKiiiia f a j, r^e 
a G (0, 1/2) h 5 G [0, 1/3), onpe^,ejiaeMoe napaMeTpaMH caMono^oSna 

n = 3, a! = a 2 = a, a 2 = 1 — 2a, 

dx = d 3 = 1/2 + 5, d 2 = -25, A = 0, p 2 = d x = 1/2 + 5, fo = d 1 + d 2 = l-5. 
B aacTHOcra, Zi/3,0 npe^CTaBjiaeT co6oh xopoino H3BecTHyio (pyHKipiio KaHTopa. fljia sthx 
(pyHKiiiifi .D = Xlfe=i = 1 + 45 h npii 5 > BbinojiHeHO £) > 1, t. e. cpyHKaiiii iiMeiar 
Heorpamiaeimbie BapaaiiHH. 

Abtop Bbipaa<aeT 6jiaro,aapHOCTb B. K). IIpoTacoBy 3a pa,a, ueimbix 3aMeaamiH a nojie3Hbie 
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